Let f be a cusp form of the Hecke space M 0 (λ, k, ) and let L f be the normalized L-function associated to f . Recently it has been proved that L f belongs to an axiomatically defined class of functionsS . We prove that when λ ≤ 2, L f is always almost primitive, i.e., that if L f is written as product of functions inS , then one factor, at least, has degree zeros and hence is a Dirichlet polynomial. Moreover, we prove
Introduction and statement of the main results
For a positive real number λ, the Hecke group G(λ) is defined as the subgroup of PSL 2 (R) given by
i.e., G(λ) is generated by the fractional linear transformations τ → τ + λ and τ → − as a consequence, only for such values of λ the space M 0 (λ, k, ) is non-trivial for some k and . Moreover, Hecke proved that the dimension of M 0 (λ m , k, ) is finite and is given by
(for √ 3 < λ m < 2, the proof of this formula is due to Petersson [11] ; see also Ogg [13] ). The subspace of cusp forms is non-trivial if and only if dim M 0 (λ m , k, ) ≥ 2; in view of (2) this condition holds for sufficiently large k.
When λ m ∈ {1, √ 2, √ 3, 2} (i.e., m ∈ {3, 4, 6, ∞}) the Hecke group G(λ m ) has a structure comparable to the full modular group Γ := G(1) = PSL 2 (Z) since for such λ m , G(λ m ) is conjugate to an index 2 extension of the congruence subgroup Γ 0 (λ 2 m ). In particular, Hecke operators can be defined and the space of the cusp forms splits as a direct sum of oldforms (the cusp forms which are induced by cusp forms of lower level) and the space generated by newforms (i.e., the eigenfunctions of the entire set of Hecke operators.)
Hecke [5] (see also [6] ) proved a bijection between the cuspidal elements (1) of M 0 (λ, k, ) and Dirichlet series
with c(n) = O(n c ) for some constant c, which have a meromorphic continuation to the whole complex plane such that
is entire, bounded on every vertical strip and satisfies the functional equation
The set of these Dirichlet series forms a vector space isomorphic to the cuspidal part of M 0 (λ, k, ) and its elements are called Hecke L-functions.
In a recent paper [9] , Kaczorowski et al. studied Hecke's theory of Dirichlet series associated with modular forms in the context of the (extended) Selberg class. They obtained a complete characterization of those Hecke L-functions (normalized in an appropriate way) which belong to the (extended) Selberg class S , resp. a moderately changed class of Dirichlet seriesS . We refer to [9] and its references for the definitions of these classes; here we only recall that both S andS consist of functions admitting a Dirichlet series representation for σ > 1, analytic continuation as entire functions of finite order with at most a pole at s = 1, and satisfying a functional equation of type
for functions in S , and
for functions inS , where
with |ω| = 1, Q > 0, λ j > 0 and Re µ j ≥ 0. The degree and the conductor of an element F ∈ S ∪S are defined by
respectively, with d F = 0 and q F = Q 2 if no gamma-factors appear in the functional equation. It is immediate to verify that the degree is additive and that the conductor is multiplicative, i.e., d
The class of functions F ∈ S with degree d is denoted by S d , and analogously forS . It is conjectured that all F ∈ S ∪S have integer degree and actually Conrey & Ghosh [3] proved that S d = ∅ if 0 < d < 1 and their argument can be easily extended in order to show that alsoS d = ∅ for such values for d. Kaczorowski & Perelli [7] characterized the functions of S 1 . It is conjectured that q F ∈ N for every F ∈ S, and, as shown in [7] , this is indeed true for every F ∈ S 0 ∪S 0 and for F ∈ S 1 , although in general the conductor of functions in S ∪S is not integer. In the case of L-functions associated with modular forms, the above defined conductor coincides with the level of the form.
We return to Hecke's theory. First of all we normalize the Hecke Lfunctions in order to satisfy a functional equation (4) or (5) where s reflects in 1 − s. For f ∈ M 0 (λ, k, ) with Fourier expansion (1) we write
which is of type (5) . Note that if there exists a complex number |ξ| = 1 such that ξL f (s) has real coefficients, then functional equation (6) has also the form required in (4), and Lemma 4 below shows that the existence of such a constant ξ is also a necessary condition in order to L f satisfy both (4) and (5). Kaczorowski et al. [9] proved the following results
Hence it makes sense to investigate whether Hecke L-functions can be either constructed from Dirichlet series ofS resp.S of smaller degree or are new elements. For this purpose we recall that an element F ∈ S (S, S ,S , resp.) is called almost primitive if every factorization F (s) = F 1 (s)F 2 (s) with F 1 , F 2 ∈ S (S, S ,S , resp.) implies d F 1 = 0 or d F 2 = 0; moreover, F ∈ S (S, S ,S , resp.) is called primitive if it cannot be factored as a product of two elements non-trivially, i.e., F (s) = F 1 (s)F 2 (s) with F 1 , F 2 ∈ S (S, S , S , resp.) implies that F 1 or F 2 is a constant function. Almost primitivity and primitivity coincide in classes S andS, since the only function having degree zero and belonging to these classes is the constant function 1; however, almost primitivity is definitively a weaker condition in the classes S andS . The additivity of the degree and the non-existence of functions with degree in (0, 1) imply that every function (in each class S,S, S ,S ), can be written as product of almost primitive functions; Kaczorowski & Perelli [8] proved that any element of the extended Selberg class S can be factored into primitive functions and their argument can be used in order to prove the same conclusion inS . It is not clear whether one can expect unique factorization in S orS ; furthermore, it is not clear whether an element which is primitive in S is necessarily primitive in S as well. Concerning almost primitivity we shall prove
is almost primitive both inS and in S (the last claim only if L f belongs to S , of course).
Moreover, concerning primitivity we shall prove
and L f (s) = P (s)G(s) with P ∈ S 0 and G ∈ S 2 , then the conductor q G of G is an integer, divides λ 2 m , and there exist functions
and L f (s) = P (s)G(s) with P ∈S 0 and G ∈S 2 , then the conductor q G of G is entire, divides λ 2 m , and there exists g
and f is a normalized eigenfunction newform, then L f is primitive both in S and inS .
Theorem 2 contains several interesting aspects:
1. it characterizes the primitive factors appearing into the factorization of L f ;
2. the factors of L f a priori belong to the wide classes S 2 andS 2 , but the theorem shows that they belong to the smaller class of Hecke L-functions;
3. the theorem proves that q G (which a priori is a rational number being the quotient of the integer conductors of L f and of P ) is an integer, a fact which is interesting since not every Hecke L-function has integer conductor;
4. Murty [10] proved that L-functions associated with newforms associated to congruence subgroups of PSL 2 (Z) are primitive in S and this result implies that L f is primitive in
. Part iv) of Th. 2 represents an interesting strengthening of this result because it shows that L f is primitive also in the wider classes S andS . Theorem 2 cannot be improved. In fact, let g 1 be a cusp form in M 0 (1, k, ) and g 2 be a cusp form in M 0 ( √ 2, k, ), then
is an example of an almost primitive but not primitive function inS which is the Hecke L-function associated with a cusp function in M 0 ( √ 2, k, ω). In a similar way, (1 +
The proof of Theorem 1 will be given in the following section, Theorem 2 will be proved in Section 4.
Almost primitivity
Before we start with the proof of Theorem 1 we state the following Lemma 3. Let F ∈ S 1 (or inS 1 ). Then q F ∈ N and there exists a real constant θ such that
where χ j are Dirichlet characters modulo q F having the same parity and each P j is a Dirichlet polynomial in S 0 (S 0 , resp.) whose conductor is q F /q χ j (q χ j denotes the conductor of χ j ).
This lemma is a simplified version of the characterization of functions in S 1 , proved by Kaczorowski & Perelli [7] ; its validity for functions inS 1 can be proved along the lines of [7] . Alternatively, one can use Bochner's extension of Hamburger's theorem [2] (resp. subsequent papers of Vignéras [14] , Gérardin & Li [4] , and Piatetski-Shapiro & Rhagunathan [12] ).
We want to show that any Hecke L-function L f (s) is almost primitive in the according class S orS , i.e., primitive up to multiplication with certain Dirichlet polynomials of degree 0. Let we assume that this is not true, i.e., that L f is the product of two elements F 1 , F 2 of positive degree. There are no elements of degree d ∈ (0, 1), hence both F 1 and F 2 have degree 1. Let q L f denote the conductor of L f and q F j that of F j , for j = 1, 2, with q
If q F 1 = 1 then, by Lemma 3, F 1 (s) = c 1 ζ(s + iθ) for some non-zero constant c 1 and some real θ. The following argument shows that θ = 0. The trivial zeros of L f (s) are s = −n − κ, n ∈ N, while those of ζ(s + iθ) are s = −2n − iθ, n ∈ N 0 . The representation of L f as Dirichlet series shows that there exists σ 0 ≥ 1 such that L f (s) = 0 for Re s > σ 0 (in general, we cannot exclude the possibility that there are zeros in Re s > 1 since we are not assuming the existence of an Euler product for L f ). The functional equation for L f shows that the unique zeros for L f (s) in Re s < 1 − σ 0 are the trivial ones; thus all but finitely many of the trivial zeros of ζ(s + iθ) must be included in the set of trivial zeros of L f , hence θ = 0. If also q F 2 = 1, then F 2 (s) = c 2 ζ(s) with c 2 ∈ C, and factorization L f (s) = F 1 (s)F 2 (s) becomes L f (s) = c 1 c 2 ζ 2 (s): this equality is impossible since the trivial zeros of L f are simple, while the trivial zeros of ζ 2 (s) have multiplicity two. If q F 2 ∈ {2, 3, 4}, then by Lemma 3 either F 2 (s) = P (s)ζ(s + iθ), where P (s) is a suitable Dirichlet polynomial, or F 2 (s) = c 2 L(s + iθ, χ), where χ is the non-trivial character modulo q F 2 and c 2 ∈ C. Actually, in both cases θ = 0 (because the trivial zeros of L f are real), thus both cases are impossible (the first case because the trivial zeros of F 1 (s)F 2 (s) would have multiplicity two, the second one because F 1 (s)F 2 (s) = c 1 c 2 ζ(s)L(s, χ) has a pole at s = 1 while L f is entire). The only remaining possible factorization is L f = F 1 F 2 with q F 1 = q F 2 = 2. By Lemma 3, again, we find that F j (s) = P j (s + iθ j )ζ(s + iθ j ) for suitable real constants θ 1 , θ 2 and Dirichlet polynomials P j . Also this case is impossible, since it contradicts either the fact that the trivial zeros of L f are real numbers (if some θ j = 0), or the fact that trivial zeros are simple (if θ 1 = θ 2 = 0).
Primitivity
We start with a lemma which characterizes the functions satisfying both a functional equation of type (4) and of type (5).
Lemma 4. Let F = 0 be an entire function of finite order admitting a Dirichlet series representation in some half-plane σ > σ 0 and satisfying a functional equation of type
with A > 0, κ ∈ R and | | = 1. If F ∈ S , then there exists a complex constant ξ with |ξ| = 1 such that the Dirichlet coefficients of ξF (s) are real.
Proof. If F ∈ S , then it satisfies also a functional equation of the form
with Q > 0, λ j > 0, µ j ∈ C, Re µ j ≥ 0, |ω| = 1. Dividing (7) and (8) we get that
with Q := Q/A, ω := ω/ . In this identity, the left-hand side is an almostperiodic function for σ > σ 0 while the right-hand side is a quotient of Gammafactors; as a consequence, we have (F /F )(s) = e a+bs for some a, b ∈ C. Let F (s) = a(n 0 )n −s 0 + n>n 0 a(n)n −s , with a(n 0 ) = 0; then the uniqueness of the Dirichlet series representation implies that
so that e b = 1 and |e a | = 1; in other words,F (s) = εF (s), for some ε with |ε| = 1. Choosing a square root √ ε, we conclude that the Dirichlet coefficients of √ ε F (s) are real.
The previous lemma allows us to characterize cusp forms f ∈ M 0 (λ, k, ) for which L f belongs to S : for λ < 2 and λ ∈ {1, √ 2, √ 3, 2}, Wolfart [15] proved that M 0 (λ, k, ) admits a basis of functions f j (τ ) = +∞ n=1 a j (n)n κ α n e 2πinτ /λ , where a j (n) ∈ Q for every n and α is irrational and real. This result shows that L f ∈ S if and only if there exists ξ with |ξ| = 1 such that ξf is a R-linear combination of functions f j . For λ ∈ {1, √ 2, √ 3, 2}, the cusp forms in M 0 (λ, k, ) actually are classical cusp forms related to congruence groups Γ 0 (λ 2 ) so that functions with real coefficients appear now as a consequence of the Atkin-Lehner theory [1] ; in particular, newforms have real coefficients.
We start now the proof of Theorem 2. Firstly, we notice that we can assume k ≥ 4 since otherwise Eq. (2) shows that the space M 0 (λ m , k, ) does not contain cusp forms.
Let us suppose that L f ∈ S and that L f (s) = P (s)G(s) with P, G ∈ S is a nontrivial factorization of L f . By Theorem 1 we know that L f is almost primitive, hence we can assume that P ∈ S 0 and that G ∈ S 2 . By Lemma 4 we know that there exists ξ ∈ C, |ξ| = 1, such that the coefficients of ξL f (s) are real and the functional equation (6) for L f can be rewritten as
be the functional equation for P . We know that the conductor Q 2 of P is an integer and that P is a constant if Q = 1, hence we can assume Q > 1. The multiplicativity of the conductor shows that q G = λ 2 m /Q 2 . The quotient of functional equations for L f and P shows that G satisfies the identity
Since G ∈ S , G is meromorphic with a pole at s = 1, at most. Actually, G is entire. To see this, note that κ ≥ 3/2 so that by taking the limit s → 1 in (9) we have
since G is regular at s = 0, (10) yields that G(s) is regular at s = 1, too. Let G(s) =:
+∞ n=1 a(n)n −s be the representation of G as Dirichlet series, then a(n) n 1+ (because G ∈ S , by hypothesis). Let g, h be the functions g, h : H → C defined by
Actually, these are the functions which the correspondence of Hecke associates with the Dirichlet series G andḠ by the inverse Mellin transform:
where c > κ + 1 is an arbitrary constant. Functions g, h are holomorphic in H and g(τ ), h(τ ) = O (y −κ−2− ) (because a(n) n 1+ , see [6] , Th. 1). Moreover, functional equation (9), the correspondence of Hecke and the fact that G is entire, give the identity
Changing τ → −1/τ in the previous identity, we get
Therefore, the functions g + (τ ) := g(τ ) + ξ 2ω h(τ ) and g − (τ ) := g(τ ) − ξ 2ω h(τ ) are holomorphic in H and satisfy the bound g ± (τ ) = O (y −κ−2− ) and the identities
These facts show that g ± ∈ M 0 (λ m /Q, k, ±1). Nevertheless, when k > 0 both spaces M 0 (λ m /Q, k, ±1) contain only the function vanishing identically if λ m /Q (which is < 2, because λ m ≤ 2 and Q > 1) is not of the form 2 cos(π/m ) with m ∈ N, m ≥ 3. Since λ m ∈ {2 cos(π/m)} +∞ m=3 ∪ {2}, Q 2 ∈ N and Q > 1, the unique combinations of λ m and Q for which the space is not trivial are the following:
• λ m = 2 and Q is √ 2 or 2,
i.e., when the conductor q G = λ 2 m /Q 2 is an integer. Suppose that we are not in one of these cases, then both g + and g − are zero, so that g = (g + + g − )/2 is zero too, which is impossible. This fact concludes the proofs of claim ii) and the part of claim i) involving S .
Let L f (s) = P (s)G(s) be a nontrivial factorization of L f inS with P ∈S 0 and G ∈S 2 by Theorem 1. Being P ∈S 0 , the functional equation for P is now Q s P (s) = ωQ 1−s P (1 − s),
proving that ω = ±1. The quotient of (6) and (12) from which it can be proved that G is entire. The Dirichlet coefficients a(n) of G are n 1+ , hence all the hypotheses for the Hecke correspondence are satisfied and we can conclude that there exists g ∈ M 0 (λ m /Q, k, ω) such that G = L g . We already proved that M 0 (λ m /Q, k, ω) is trivial if q G = λ 2 m /Q 2 is not an integer. Hence both claim iii) and the part of claim i) involvingS are proved.
At last, we prove iv). Let λ m ∈ { √ 2, √ 3, 2} and let f ∈ M 0 (λ m , k, ) be a newform. By Th. 1 we know that L f is almost primitive both in S and in S . Let us assume that L f is not primitive in S , then L f (s) = P (s)G(s) for a suitable Dirichlet polynomial P and an L-function G that by ii) is the sum of L g − and L g + which are Hecke L-functions associated to forms of lower level. Since the conductor Q 2 of P divides λ 2 m , each term appearing in P produces the Hecke L-function of an oldform of M 0 (λ m , k, ) when it is multiplied by G. Thus L f is associated to an oldform, but this is impossible since by hypothesis f is a newform. In a similar way, if L f is not primitive inS we arrive to a contradiction from iii).
